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7.1 Introduction

It has been observed that whenever a force acts on a body, and the body undergoes some displacement,
some work is said to be done. Mathematically, if a force (P) acting on a body displaces it through a distance (s),
then
Work done = Force x Distance = Px s
But sometimes the body does not move in the direction of force (or in other words, the force does not act
in the direction of motion of the body). In such a case,
Work done = Component of the force in the direction of motion x Distance
=PcosOxs
where 6 is the inclination between the line of action of the force and the direction of the motion of the body.
A little consideration will show that
1. Ifthe value of 6 is between 0° and 90°, some work is done.
2. Ifthe value of 8 is 90°, then no work is done (because cos 90° = 0).

3. Ifthe value of 6 is between 90° and 180°, the body will move in the opposite direction and work is
called as negative.

7.2 Concept of Virtual Work

The net work done by applied forces on a body is zero if the body is in static equilibrium, if we assume
that the body in equilibrium undergoes an infinitely small imaginary displacement (virtual displacement) some
work will be imagined to be done by the applied forces and inertial forces of the body. Such an imaginary work is
called virtual work.

If some unknown forces which are acting on the body and keep the body in equilibrium condition, are to
be calculated, then the method of virtual work can be used.

Concept of virtual work is useful in finding some unknown forces which are acting on the body and keep
the body in static equilibrium condition.

7.3 Principle of Virtual Work

If a system of forces acting on a body or a system of bodies be in equilibrium

and the system be imagined to undergo a small displacement consistent with the P2
geometrical conditions, then the algebraic sum of the virtual work done by the forces \\/ .
of the system is zero. o

Consider a plane concurrent system of forces F,, F,, F; ...F, acting on a F;x
particle at O as shown in figure. Let the resultant of forces be R. If system is in Fy

equilibrium then
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R=F+F+F.. .Fy=0
Now we impart an infinitely small virtual displacement &rto the particle at Oin any arbitrary direction. The
work done by the forces F, through the virtual displacement is

U =0r-F, +0r-F,+08r -F;...... or-F

=oér-R

Now if R=0then 86U = 0. Thus virtual work done by the forces acting on the particle through any virtual
displacement is zero.

7.4 Sign Conventions

Though there are different sign conventions for finding out the virtual works done in different books, yet
we shall use the following sign conventions, which are internationally recognised.
1. Upward forces are considered as positive, whereas the downwards as negative.
2. Forces acting towards right are considered as positive, whereas those towards left as negative.
3. Forces acting in the clockwise direction are considered as positive, whereas the anticlockwise as
negative.
4. Tensile forces are considered as positive whereas the compressive as negative.

7.5 Application of the Principle of Virtual Work on Beams carrying Point Load

w

| a | b |
(@ A +C B
: /
o
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| E| y
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Beam carrying point load

Consider a beam AB, simply supported at its supports, and subjected to a point load W at C as shown
in figure (a).

Let R, = Reaction at A, and

Rg = Reaction at B

First of all, let us assume the beam to be hinged at A. Now consider an upward virtual displacement (y)
of the beam at B. This is due to the reaction at B acting upwards as shown in figure (b). Let x be the upward virtual
displacement of the beam at C due to the point load.

Now in two similar triangles ABD and ACE,

X a a
—:—OerTy
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- Total virtual work done by the two reactions R, and Rg
= +[(R,x0) + (Rgx ¥)] = +Rgx Yy ..(0)
...(Plus sign due to the reactions acting upwards)
and virtual work done by the point load
=-Wxx ()
...(Minus sign due to the load acting downwards)
We know that from the principle of virtual work, that algebraic sum of the virtual works done is zero.
Therefore,
Rgxy-Wxx=0

Ry - WszV_anxy: Wxa
y y / /

Similarly, it can be proved that the vertical reaction at A,

or

_be
o

Ry

NOTE 8

1. For the sake of simplicity, we have taken only one point load Wat C. But this principle may be
extended for any number of loads.

2. The value of reaction at A(i.e., R,) may also be obtained by subtracting the value of R from
the downward load W. Mathematically,

Bo= w-Wa_ (1 a)_y(lza)_ e
/ / / /

- ‘ I Example - 7.1 A beam ABof span 5 metres is carrying a point laod of 2 kN at a distance
2 metres from A. Determine the beam reactions, by using the principle of the virtual work.

Solution:

Given : Span(/) = 5m
Pointload (W) = 2 kN

and distance between the point load and support

A=2m
2 kN
lc
A : B
R, 2m : 3m Rs
i ! D!
! E]
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Let R, Reaction at A,
Rg = Reaction at B, and
y = Virtual upward displacement of the beam at B.
From the geometry of the figure, we find that when the virtual upward displacement of the beam at Bis

y, the virtual upward displacement of the beam at C is %/ = 0.4y as shown in figure.

- Total virtual work done by the two reactions R, and Rg
[(R, % 0) + (Rgx Y)] = Agx y ()
...(Plus sign due to the reactions acting upwards)

and virtual work done by the point load

—Px=-2x0.4=-08y (i)
...(Minus sign due to the load acting downwards)
We know that from the principle of virtual work that algebraic sum of the total virtual works done is zero.

Therefore,

Rgxy-08y =0
or Rg = 0.8y/y =0.8 kN
and R, =2-08=12kN

- j Example - 7.2 A simple supported beam at the ends, 5 m span carries a load of 15 kN at
a distance of 2 m from one end. Determine the end reaction using the principle of virtual work.

Solution: (?)
As per problem statement the configuration is shown in fig.(a). Assume the virtual displacement given in
vertical upper direction at point Bis y, then from geometry of fig.(b) displacement y_at Cis

_ACc 2
Yo = ABy_ 5)/-
and displacement y, at Ais
Yo = 0
15kN
v C
A
A A
15kN R, R,
lc —2m—+
g=on . ° | sm i
< 2m—] ]
| 5m | A c B
(a) (b)

Here beam is in equilibrium under following forces as shown in fig.(b)

(1) 15 kN acting at C, (2) Reaction force R, acting at A, (3) Reaction force A5 acting at B.
Total work done by these force due to virtual work must be zero.

Thus

OxR,=Yox15+yxR; =0

OxRA—%yx15+y><RB 0
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or 6+ AR; =0
or Rg = 6kN
The work done by R, is zero because there is no displacement.
Now resolving forces vertically we get
R,+ Rg; = 15kN
R, = 15-Rg=15-6=9kN

7.6 Application of the Principle of Virtual Work on Ladders

In case of a ladder, its foot moves on the floor towards or away from the wall. It is thus obvious, that no
work is done by the normal reaction (R,) at the foot of the ladder. However, some work is done by the frictional
force (F)) at the foot of the ladder. Similarly, top of the ladder moves up or down along the wall. Thus, no work is
done by the nroaml reaction (R,,) at the top of the ladder. However, some work is done by the frictional force at the
top of the ladder. This happens when the wall is not smooth, or in other words, the wall has some coefficient of
friction.

Now, the virtual works done by the frictional forces at the foot and top of the ladder are found out, and the
principle of virtual work is applied as usual.

NOTE:

If the vertical wall is smooth, then there is no frictional force at the top of the ladder. Thus, no work is done
at the top of the ladder.

-j Example - 7.3 A ladder ABof weight Wand length /is held in equilibrium by a horizontal
force Pas shown in the figure. Assuming the ladder to be idealized as a homogeneous rigid bar and
the surfaces to be smooth, which one of the following is correct?

0 \_1/2
il B\
w
1 NS
~P
| x |B
(a) P= %W, tan® (b) P= %W, cosecH
(c) P=%W, cos 9 (d) P=2Wtane

Solution:
Free body diagram of ladder is
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RB
Using equilibrium equations.
R, =P
and Rg = W
Taking moment about B.
R, -1cos® = Wésine
RA = %Wtane:P

- j Example - 7.4 A weight of 10 kN is raised by two pulley system as

shown in fig. Determine the force Frequired to hold the weight in equilibrium. s
”i l“ﬁ h
Solution: :’»} E
Assume that F goes down through a distance y. From the geometry of fig. it \ f \
. . . \ i \
may be easily seen that weight moves upward by 1/2 y distance. \ / \
Using the principal of virtual work @ (0)
“wxt I i
Fxy—-Wx 5 = 0 F
F W
or = 3
Here W = 10kN
10
Thus F = > 5kN

-j Example - 7.5 A weight of 5 kN resting on a

smooth surface inclined 30° to the horizontal is supported by
a load W, resting on the another smooth surface inclined to
horizontal by 45° as shown in fig. Both weight are connected
with a string carried over a smooth pulley. Using the principle
of virtual work determine the value of W.

Solution:

Consider the fig. (a). Assume that WV, is pulled by y along the inclined plane AC, then W, moves by
y along BC.

Displacement of W, in vertical direction = y sin o upward
Displacement of W, in vertical direction = y sin downward

Thus by principle of virtual work



W, xysino+ W,x ysina=0
M sing
or Wo = ainer
2 sino
Here w,
o = 45°
W sin30°
5

Thus

" sin45°

1 2

Engineering Mechanics

SkN and W,=W
and B=30°

Virtual Work 101

(@

5

or W = 5X_XT = — =353kN

2

Student's Assignment

V2

Q.1 Theterm virtual work refers to
(a) Actual work done by virtual forces
(b) Virtual work done by actual forces
(c) Virtual work done by virtual forces
(d) None of these

Q.2 Athinrod AB of length 2 m and mass 10 kg is
hinged at Aand is held in equilibrium, as shown
in the given figure, by a horizontal force Facting
at B. Which one of the following equations of
virtual work will yield value of force F?

— F
(@) Ry +10x,=0 (b) Fdy,=108x,
(c) Fdx,+108y,=0 (d) Fdy,=10dy,

Q.3 The principle of virtual work states that the virtual
work is zero for
(a) abody moving with constant linear velocity
(b) abody rotating with constant angular velocity
(c) abody inequilibrium
(d) a body moving with constant linear
acceleration

Q.4 A number of rods are hinged together to form
three identical rhombuses as shown in figure. If
a horizontal force of 1000 N is applied at A, what
is the force Prequired at B for equilibrium?

0
> 1000 N
Co@

(@) 3000N
(c) 4000N

(b) 1000N
(d) 2000N

STUDENT'S
>ANSWER KEY / ASSIGNMENT |

) HINTS & SOLUTIONS // , STURENTS.

2. [@

The mass 10 kg will act vertically downward from
the centre of mass of rod at C. The point C will
move upward while the point Bmoves horizontally
due to the force F. The total virtual work done will
be zero.

Total virtual work = Fxdxg + 108y, =0

3. [@

Principal of virtual work states that total (internal
and external) virtual work will be zero if the body
is under equilibrium.
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