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Signals & Systems

CHAPTER Sampling Theorem

m Explain how an analog signal can be constructed from its samples. What are the conditions for faithful
reconstruction? Give any one reconstruction circuit.

Solution:
An analog signal can be reconstructed back from samples using interpolation, which is a method of connecting
sample points to achieve an analog signal. Interpolation can be done through zero order hold circuit connecting
samples by a straight line or higher order polynomials like a low pass filter can be used for interpolation.
Conditions for faithful reconstruction:
(i) The sampling rate must be greater than the Nyquist rate.
(i) The sampled signal must be passed through an ideal low pass filter.
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A simple reconstruction circuit

A continuous time signal is given by:
x(t) = A cos(8000xt) cos(2000rt)
The signal is sampled with a sample period of 3 x 10~* seconds. Can we recover the signal from the
sampled version using an appropriate low pass filter?

Solution:
x(t) = Acos (8000 rt) cos (2000 mtt)

= g[com 00007t + cos6000mt]

Maximum frequency component in the signal,

f= 19907 _ 5500
2n
So, minimum sampling frequency required
fy=21f_ =10000 Hz

So, maximum allowable sampling period,

T, = 1__1 sec = 0.1 x 107 sec.
f 10000

S

The sampling period given in question is greater than the maximum allowable sampling period. Thus, it cannot
be recovered using a low pass filter.
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oXq A sinusoid x(t) of unknown frequency is sampled by an impulse train of period 20 ms. The resulting
sample train is next applied to an ideal low-pass filter with a cut-off at 25 Hz. The filter output is seen
to be a sinusoid of frequency 20 Hz. Find the component of frequency of x(f) which is less than
100 Hz.

Solution:
Given, impulse train of period 20 ms.

1

Then, Sampling frequency = —— =50 Hz
20x107°
If the input signal x(f) = cosw, (1) having spectrum,
X
—f, | o

The filtered out sinusoidal signal has 20 Hz frequency the sampling must be under sampling.
The output signal which is an under sampled signal with sampling frequency 50 Hz is

__________________

HENRS

—f, —B0+f, | 50+f, f

and 50-f =20Hz
f,=30Hz

m The frequency spectrum of a signal is shown in the figure. If this is ideally sampled at intervals of 1 ms,
then find the frequency spectrum of the sampled signal.

| U |
(O]
I 1 kHz
Solution:
Given that, sampling interval = 1 msec | U(jo) |
i.e. T. = 1msec = 103 sec
Therefore sampling frequency,
fo= i= 13 =1kHz
T, 10 ®
-1 kHz 1 kHz
After sampling new signal in frequency domain,
Ui = 3 U(F-nf)
Ts =

.. Spectrum of sampled signal will be

| Up(joo) |
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m Let x,(1) & X,(®) and x,(1) & X,(®) be two signals whose Fourier Transforms are as shown in the figure

below. In the figure, h(t) = e 2 denotes the impulse response.

X1(0)) X2(0))
-B, B, 1 B, B, B | B °
2 2
X;(t)
(2 F— h(t)=e 2 —— ¥(0)
Xt

For the system shown above, find the minimum sampling rate required to sample y(t), so that y(f) can be
uniquely reconstructed from its samples.
Solution:

Given that, Bandwidth of X,(w) = B,
Bandwidth of X,(») = B,

System has h(f) = el and input to the system is x(f) - x,(1)

The bandwidth of x (1) - x,(1) is B, + B..
The bandwidth of output will be B, + B,.
So sampling rate will be 2(B, + B,).

m A signal x(t) = 1 + cos100xt is sampled with sampling interval of 0.02 second. Can the original signal
be recovered from these samples?

Solution:

100
Maximum frequency in x(t), f o= T 50 Hz

m 2

*. Minimum sampling frequency required,
=2f =100Hz
. Maximum allowable sampling period,

= Lsec =0.01sec
100

The sampling interval given in the question is greater than this value. Thus the original signal cannot be recovered.

A Sawtooth wave signal having trigonometric Fourier series is given by, x(t) =

N>
ax

- 1 .
Y, —sinnayt,
n=1"1

where ‘o’ is the angular frequency, A = 1 voltand T = 10 m-sec.
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The signal x(f) is applied to an ideal BPF whose response is shown below:

H(jo)

0 100 1000

Calculate the output y(f) of the filter?

Solution:
Given that,

A=1V T=10msec = 10 x 10°% = ——sec
100

N

o, = TTE =200 wrad/sec

. A <
Since, = — - sin nwyt
2 x 2:‘ 0

3|—L

Putting all above values in (i) we get,

x(f) = l—l[sir12007cz‘+lsin400m‘+lsin6001tt+ lsin8OO1tt+
2w 2 3 4

%simOOOnH%sin1200nt+;sin1400nt+ ......... :l (1)

Since BPF having cut-off frequencies , = 100m and w_, 1000x rad/sec and x(f) signal is applied to the BPF,
so only those frequency components which comes in the ranges will passed through it. For this we have,

BPF
x(t) ———>| 1007— 1000 —— ¥(t)
as in equation (i) rad/sec
11 . 1. 1. 1 .
So, y() = ——|sin200~nt + 5 sin400mt + 3 sin600mt + 2 sin800mtt
Y

m Let h(t) be the triangular pulse shown in figure and let x(f) be the unit impulse train expressed as:

= 5:(0=3 8(t—nT)

N=—c0

Determine and sketch y(f) = h(t)*x(t) for the following values of T: (a) T=3, (b) T=2,(c) T= 1.5.
h(t) S

Solution:

Using equation and, we obtain, (1)

(H)*d A1) = h(l‘)*|: i 8(t—nT):|

N=—o0

_ S Kys(t-nT) = 3 At-nT)

N=—cc N=—oc0
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(a) For T= 3, equation becomes
Wy = D, ht-3n)
N=—co

which is sketched in figure (a).
(b) For T= 2, equation becomes

WD) = i h(t - 2n)

N=—co

which is sketched in figure (b).
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(c) For T=1.5equation becomes

=3

v = D, ht-1.5n)

N=—oo
which is sketched in figure (c). Note that when T < 2, the triangular pulses are no longer separated and
they overlap.

EX) The output y(1) of the following system is to be sampled, so as to reconstruct it from its samples
uniquely. Find the minimum sampling rate.

X(w)

®
—-1000x 1000m

z ; sin(1500r y(t)

cos(1000rtt)

i t
«(t) 2(t) h(t):smm:toom) B
X(o)
A

Solution:

cos(1000rt)
®
—1000n 10007





